We study a 2+1 dimensional theory of bosons and fermions with an ω ∝ k 2 dispersion relation. The most general interactions consistent with specific symmetries impart fractional statistics to the fermions. Unlike examples involving Chern-Simons gauge theories, our statistical phases derive from the exchange of gapless propagating bosons with marginal interactions. Even though no gap exists, we show that the anyonic statistics are precisely defined. Symmetries combine with the vacuum structure to guarantee the non-renormalization of our anyonic phases.
Introduction
In two spatial dimensions particles can be 'anyons', with quantum statistics that interpolate between Bose-Einstein and Fermi-Dirac [1, 2, 3] . Anyonic statistics can be Abelian or non-Abelian and arise when multiparticle wavefunctions fall into non-trivial representations of the braid group on their spacetime trajectories. Despite significant interest in their behavior, calculable field theories of anyons have been limited to a single class where the anyonic phases derive from interactions with a Chern-Simons gauge field [4] . Given the striking properties of anyons and the essential role that statistics plays in quantum many-body systems, it is worth asking whether Chern-Simons anyons are generic, or whether qualitatively different field theories of anyons may be found.
This article will present a new quantum field theory of anyons which has only marginal interactions. The theory consists of a non-relativistic fermion ψ and a real scalar field φ with dispersion relation ω ∝ k 2 , often referred to as 'z = 2'. A novel symmetry structure enforces these properties. The most important symmetry transforms the fields as φ(t, x) → φ(t, x) − v( x) ψ(t, x) → exp(iu( x)) ψ(t, x) with
The pair of functions (u, v) satisfy the Cauchy-Riemann equations, so we will refer to these transformations as the Cauchy-Riemann symmetry. This symmetry guarantees a z = 2 kinetic term and derivative couplings for φ.
The anyonic statistics for ψ arise from the interactions − g∇ 2 φψ † ψ and − iα ∇φ × ψ † ↔ ∇ψ.
The reader may find it useful to interpret these couplings in terms of the "dual" gauge field a i = ij ∇ j φ, in which case the first is a coupling of ψ † ψ to the "magnetic" field b = ij ∇ i a j and the latter is the standard coupling a i J i . As we will see, the analogy with a i is no accident; the Cauchy-Riemann symmetry has forced ij ∇ j φ to couple in a gauge-invariant way. As one ψ particle completes an orbit around another, the coupling to φ generates an anyonic phase of e iϑa with ϑ a = gα.
Remarkably, this anyonic phase and the individual couplings α and g are not renormalized at any order in perturbation theory. This follows as a highly non-trivial consequence of the Cauchy-Riemann symmetry combined with the absence of ψ anti-particles in the vacuum. A non-Abelian generalization of the classical theory can also be constructed, where φ and ψ transform in representations of a non-Abelian group. Our theory differs from Chern-Simons theory in several important respects. One major difference is that the φ theory is not topological, and in particular, φ is a gapless propagating degree of freedom 1 . As a consequence, the motion of ψ particles can produce φ radiation at arbitrarily low energies. Although φ radiation is a significant effect, remarkably, there are no IR divergences associated with the amplitudes for emission of soft φ particles. This sharply distinguishes our theory from models of Yukawa-type interactions between gapless scalars and fermions at a Fermi surface in 2+1 dimensions, which suffer from well-known IR divergences that obscure their low-energy behavior [5] .
In the atomic and condensed matter physics literature, ψ-like particles appear in theories of trapped cold atoms [6] , and close relatives (with kinematics that have very important differences) appear in theories of 'quadratic band touching' [7] . Theories of z = 2 scalars like our φ field have been discussed in [8] . However, we will be studying various properties of our φ, ψ system largely without reference to any specific implementation in a realistic substance.
The outline of the paper is as follows. In §2 we explain how the theory works at a semi-classical level, including the symmetries and the basics of the anyonic phase. We also explain the relationship of our theory to Chern-Simons theory, including a remarkable 'Mulligan Duality' with the critical Lifshitz-Chern-Simons theory [9] . Then in §3 we analyze the theory at the full quantum level. We explain why the symmetries and dynamics of the theory lead to the non-renormalization of the couplings α and g, and then we check these statements with explicit one-loop computations. We also show that there are no IR divergences in our theory. In section 4 we sketch how the theory can be generalized to produce non-Abelian anyons. Finally in §5 we briefly discuss the prospects for finding experimental realizations of our theory and future directions.
A Semi-Classical Theory of Anyons
In this section we will display the symmetries of our model and explain how it gives rise to anyonic statistics at the semi-classical level. We will begin by studying a 2 + 1 dimensional theory coupling a boson φ to a one-component fermion ψ at zero chemical potential with the action
The action has been chosen so that both fields have a dispersion relation ω ∝ k 2 , often referred to as z = 2. Below, we will show that the interactions cause ψ to develop an anyonic phase. As we scale energy ω → sω, all of the parameters appearing in the action are marginal if we additionally choose the scalings
in accord with the kinetic terms for φ and ψ. The φ field is dimensionless, much like a boson field in 1 + 1 dimensions with a relativistic dispersion relation. Naively this could give rise to an infinite number of relevant and marginal couplings, but these will be forbidden by shift symmetries on φ.
The parameter γ sets the relative 'mass' of the non-relativistic ψ particles relative to the φ particles. A quartic coupling in ψ would vanish due to the non-bosonic statistics.
Other than an allowed chemical potential term µψ † ψ that has been tuned to zero, this is the most general renormalizable action consistent with the following somewhat unorthodox set of symmetries. Consider first a holomorphic function
where z = x + iy. Then as usual, u and v will be harmonic functions related by the Cauchy-Riemann equations
which follow from ∂zf = 0. For any such u and v, our Lagrangian will be invariant under the gauge transformation ψ → e iαu ψ and φ → φ − v.
For spatially varying u and v we interpret these symmetries as a redundancy of the description; but transformations with constant u and v are global symmetries of our theory. A quick calculation with Noether's theorem shows that the global symmetry associated with constant u generates the following number current: When a spectator ψ particle moves through this background φ field, it accumulates a phase. The easiest way to determine this phase is to study the first-quantized action for ψ particles. In App. A we derive the one-particle action
Now imagine moving one ψ particle about another in a counter-clockwise circle. Using Stokes' theorem and the equations of motion for the φ field, we find an accumulated phase
So if the trajectory of a ψ particle encloses one other ψ particle, we pick up an anyonic phase igα. At the semi-classical level this phase depends only on the charge enclosed by the path, and hence on its homotopy class as a path in the punctured plane with locations of ψ-particles removed. We will see in the next section that this continues to hold when quantum corrections are included.
Comparison with Chern-Simons and Lifshitz-Chern-Simons
In our theory anyonic statistics arise from the exchange of a propagating φ field. This contrasts sharply with the other known controlled effective theory of anyons, namely Chern-Simons theory [4] . For instance, z = 2 anyons can be described with Chern-Simons theory by using the action
where D µ = ∂ µ + iA µ is the usual gauge covariant derivative. These ψ particles source the topological Chern-Simons field via the A 0 equation of motion, which gives
where the magnetic field B = ij ∇ i A j as usual. The ψ particles pick up an anyonic phase when they encircle charge; this can be seen by studying their first quantized action, which includes the usual operatorẋ i A i . Our theory is however related, modulo possible global and boundary effects, to a critical point of the Abelian z = 2 Lifshitz-Chern-Simons theory [9] coupled to ψ: deformation is present, it completely changes the IR physics and, in turn, the way that anyonic statistics arise in the IR. To see this more explicitly, one can perform the same procedure as above with c 2 k 2 0 > 0, in which case one finds that the Φ kinetic term contains
and thus at momenta less than k 0 , this would-be kinetic term for Φ field becomes irrelevant and the φ action in (4) no longer provides a reliable local description of the physics.
Maxwell-Chern-Simons Anyons 0 , Lifshitz Chern-Simons has a description in terms of our local, renormalizable scalar field theory. There are also local deformations of the scalar theory that correspond to non-local modifications of the Lifshitz Chern-Simons theory.
We should also stress that under the 'Mulligan Duality' between our scalar + fermion theory and the Lifshitz-Chern-Simons theory, local operators in one theory map to non-local operators in the other (as is evident from the formula for E i in (21)). If one is to imagine obtaining our theory by tuning a scalar + fermion system to criticality, for instance, it is most natural to imagine a space of couplings allowing for the presence of the φ 2 and (∇φ) 2 operators which are absent at the critical point. Neither of these has a purely local description in the Lifshitz-Chern-Simons theory. Similarly, the duality between local theories that we exhibited holds only in absence of the natural interaction
which is another allowed marginal coupling of the Lifshitz-Chern-Simons theory to the fermions. Inclusion of (28) would render the φ, ψ description non-local. The same remark applies to the E 4 term which played an important role in [9] .
A Quantum Theory of Anyons
In the previous section we showed that the interactions of ψ particles with the φ field lead to anyonic statistics for the ψs. Unlike in other calculable field theories of anyons, which are all essentially based on the Chern-Simons action, our anyons arise from the exchange of a dynamical degree of freedom. Thus it is natural to wonder how the story changes when we include quantum effects. In particular, one might expect that the couplings evolve logarithmically due to the RG, and that in particular the product αg, which sets the anyonic phase, will be scale-dependent. In fact, we will see that both α and g are invariant to all orders in perturbation theory, so the anyonic phase is completely scale-independent. In Chern-Simons theory this result followed from topology; in our theory it follows from a combination of symmetries and non-relativistic kinematics. We will find it convenient to perform the corresponding calculations using the Wick rotated (i.e. Euclidean) version of the action:
We will treat the couplings α, γα, g in (29) as small parameters in a perturbative expansion. (The appearance of α as a small parameter controlling some low-energy couplings, without additional factors of γ, will be explained in section 3.1.1). The Feynman rules for this action are summarized in Fig. 2 . The fermions are one component Grassmann fields. By symmetries and dimensional counting, a four-Fermi interaction is allowed and would be marginal; however, because of the Fermi statistics of ψ, this interaction exactly vanishes. In App. D non-relativistic spinors are reviewed and a theory with multiple fermions is formulated and studied; in this theory there exists a four-Fermi interaction.
The fermion field ψ is non-relativistic and as a consequence it contains particles only -ψ does not create or destroy antiparticles. The ψ field can be expanded in terms of normal modes as
with the frequency satisfying the ψ dispersion relation
The creation and annihilation operators satisfy canonical anti-commutation relations
The absence of antiparticles has major implications for the radiative structure of the theory. The first is that the leading order Wick-rotated propagator of ψ is
This means that all poles for fermions will fall in the upper half-plane, so the Feynman propagator is the retarded propagator. Therefore, any loop diagram only involving ψ propagators will have poles on only one side of the integration region. Then, the contour integral can be closed on the other side, and will vanish. Physically this makes sense because because ψ particle number is conserved and with the absence of anti-particles, there is no way of pair creating fermions. Another way of seeing this is that a closed fermion loop requires a fermion coming back to the same point in space-time where it was created, thus traveling backwards in time, but since the Feynman propagator is the retarded propagator, this is not possible. The absence of closed fermion loops is an all-orders statement and prevents the φ propagator from ever being renormalized. The RG invariance of both α and g depends on a dynamical fact. Consider the following terms in the Lagrangian:
In the absence of symmetry assumptions, the above operator coefficients are a priori independent. However, the Cauchy-Riemann symmetry ensures through a Ward identity that the coefficients satisfy c γ 2 = αγ, c γ 3 = α 2 γ, and prevents γ, c γ 2 , and c γ 3 from being separately renormalized. This fact combined with the absence of wave function renormalization for φ means that only γ is renormalized and not α, and their β functions are related by β γα 2 = αβ γα = α 2 β γ . The scale invariance of g is more subtle, but it also follows from the symmetry structure and the non-renormalization of φ. The crucial point is that symmetry currents are never renormalized. So consider the currents in (9) and (10), which are linked because they are both components of the Cauchy-Riemann symmetry current. They are related by
We see that the entire right hand side cannot be renormalized, since loops do not renormalize φ, and the derivative of the current ∇ i J 0 N must also be RG invariant. Thus we conclude that g must be invariant as well.
We will verify that the β functions for α and g vanish at one-loop via an explicit calculation later in this section. We will also obtain the RG scaling of the γ parameter, confirm the symmetry arguments above at one-loop, and explore the long-distance structure of the theory, studying φ radiation and the long distance forces between anyons. While the assumption of the Cauchy-Riemann symmetry connects the coefficients of the operators O γ 2 and O γ 3 , it is interesting to ask whether this Cauchy-Riemann symmetry is an attractive or repulsive IR fixed point. So in what follows we will give these operators different coefficients and explore how they behave when we scale to the IR.
The Definition of Statistics in a Gapless Theory
Many expositions of anyons (see [10, 11] ) suggest that a gap is necessary for well-defined statistics. Our theory is gapless. How are we to be sure that e.g. upon encircling one of our ψ anyons with another, we return to the same ground state up to a phase (in the Abelian case)? Couldn't the emission of φ quanta confound our attempt to measure the statistical phase?
The anyons have several marginal interactions with the massless boson φ. This means that φ exchange can give rise to long-range forces, and since φ number is not conserved, accelerating anyons can radiate soft φ particles, thereby potentially altering significantly the state of a system of anyons. One way to state the concern is that when transporting two anyons around each other, it is not possible to return to the exact same state because the Fock space of φ quanta becomes populated. One way to avoid this problem is simply to turn on an external potential, such as a harmonic trap. Two anyons in the ground-state of the trap will not be able to radiate φ particles. One can then ask how the ground state wave function, Ψ GS (x 1 , x 2 ) transforms under the exchange of x 1 and x 2 . In two spatial dimensions, the two particle wave function does not have to be single valued and can pick up an anyonic phase. Another way of defining the phase is through adiabatic transport. For instance, one could measure the anyonic phase with an interference experiment where the two anyons, trapped by an external potential at positions x 1 and x 2 , are interchanged through by going through a path C by the manipulation of the potential:
Here, ϑ a is the anyonic phase and ϑ M is some path-dependent interacting phase coming from the manipulating potential. 3 r(C) ≤ 1 gives the overlap between the initial and final states, and reflects the fact that transport along C has entangled the initial state with a population of φ due to radiation. Having r = 1 is not a problem; but in principle, IR divergences could have forced r(C) = 0. However, as we will show below, r(C) is IR finite, and can be arbitrarily close to unity in the adiabatic limit.
Radiation
Given the absence of infrared divergences in the ψ emission of φ quanta (to be substantiated through computations below), one can show that the number of φ quanta radiated in such an adiabatic process is given by
where ω is the frequency of the adiabatic transport, R is the distance between the two anyons, and f is non-singular at 0. This follows because the φ radiation rate is proportional to the ψ particle acceleration, although we check it via an explicit computation of the classical radiation rate in App. B. Taking the limit ωR 2 → 0 while R → ∞, we are guaranteed that in the limit no φ quanta will be radiated. Thus the initial and final state after adiabatic transport can be directly compared, and the anyonic phase is well-defined. 4 Now let us study soft φ radiation from accelerating anyons in order to understand the IR structure of the theory at the quantum level. We will consider an anyon scattering process, and compute the amplitude for radiating a soft φ boson of momentum q. In the limit of small q, the amplitude will take the form
because it is dominated by soft φ radiation off of the external legs of the scattering process. We see immediately that the g coupling is sub-leading in the soft limit, so we will drop it in what follows. Another crucial feature is that in the soft limit, the denominator carries a factor of γ, which can cancel the γ from the γα coupling. Note that this feature persists as long as |q| < ∼ γ|k a |, |k a |. Keeping only the leading terms, we find that the ψ scattering cross section is
where the factor of
2 comes from the definition of the φ phase space, and the parameter η a is 1 if particle a is incoming and −1 if it is outgoing. The overall phase-space integrated soft factor is dimensionless, as we should expect, since the emission of soft radiation cannot change the engineering dimension of the hard particle cross section.
In the extreme IR region where |q| γ|k a |, |k a |, the soft factor depends only on the directions, and not the magnitudes, of the hard momenta k a , because the q 2 factors are negligible in this regime. If we only consider this region of the integral, then each term in the sum in (40) will have a logarithmic IR divergence. However, an explicit calculation shows that these divergences are completely independent of the momenta k a , and so when we sum over the external legs a, b these IR divergences will cancel between initial and final states. The calculation is simple when we write Figure 3 : Radiation of φ quanta off of initial and final states cancels in the limit of soft emission, leading to the absence of IR divergences. q in polar coordinates; it then depends only on the relative angle between k a and k b , and one can immediately perform the integral and find a result independent of k a and k b . Thus φ emission will be IR finite at one-loop. As a soft effect, this result exponentiates to all loop order, so there are no IR divergences due to φ radiation in the theory.
Eq. (40) has another striking feature: as long as |q| < ∼ γ|k a | the relevant coupling is not γα, which appears in the Feynman rules, but simply α by itself. The factor of γ has been canceled by the nearly on-shell fermion propagator. As we will see below, the β function for γ causes it to run towards 0 at low energies, so it is very natural to consider theories where γ 1. This suggests that for these values of q, φ radiation receives a large enhancement, although for small α the theory is clearly under good control. We leave exploration of the details of this enhancement to future work.
Anyon Potential
Let us begin by noting that there is no long-distance static potential between anyons. This follows because the α interactions depend on the anyon momenta, while the g coupling has too many derivatives to give a long-range force. Furthermore, because of the Pauli exclusion principle, which also applies to anyons, if we have only one species of anyons then even contact interactions vanish. However, when the anyons are in motion, there is a long-range velocity-dependent interaction due to the exchange of φ bosons
where the anyons have momenta p 1 and p 2 . The spatial derivative of this interaction gives a force that depends in a non-trivial way on the anyon momenta. It is reminiscent of the magnetic force between current-carrying wires. This potential manifestly vanishes when either of the anyons is motionless; the leading contribution to the force at small pr is
There are loop induced interactions for ψ − ψ states, and these are marginal interactions. Naively the ultraviolet behavior of these diagrams will give rise to a local counter-term; however, this vanishes due to Fermi-statistics. At the diagrammatic level, this follows because there are t and u channel diagrams and the UV divergences cancel between the two channels. This does not mean that the loops do not give rise to interactions at long distances. By power counting, the most IR divergent term could be proportional to log q 2 (where q is the momentum exchange) and would give rise to a 1/r 2 potential. However, this would-be IR divergence is related to the soft limit of φ emission by the optical theorem, and since soft emission is actually IR finite, these loop effects must be as well. This means that φ loops between anyons should only generate positive powers of q 2 , which do not give rise to long range forces.
Propagator Corrections
As discussed above, the φ propagator is not renormalized at any order in perturbation theory due to conservation of ψ number and the absence of ψ anti-particles in our non-relativistic theory. At a computational level, φ is not renormalized by ψ loops because the resulting energy integrals can be performed by contour integration in a half-plane that contains no poles. For example, the boson propagator correction in figure 4 is proportional to
We can perform theω integral by closing the contour in the upper half-plane, giving a vanishing result. Another way to view this result is by computing in position space, where the fermion propagators are causal. In that case fermion loops must vanish because they loop back to their initial time. There is a non-vanishing one-loop correction to the ψ propagator that is given by the diagram 5 in Fig. 5 . Our interest is in the RG flow of the couplings in the theory, so we can neglect any contributions that are not UV divergent. The corresponding integral is
There is also a term proportional to gα, but it includes only a single factor of ij . Since the result can only depend on k i , by rotational invariance this gα term must vanish, so we have dropped it.
The left one-loop diagram renormalizes the anyon propagator and leads to a non-trivial β function for the γ parameter. The seagull diagram on the right has no external momentum flowing through the loop, and so renormalizes only the chemical potential term, which is tuned to zero.
In terms of divergence structure, the lowest order renormalization of the propagator can give rise to a non-zero mass for ψ. The g 2k4 term results in the momentum integral being quadratically divergent for the fermion mass. Due to the z = 2 scaling, this quadratic divergence in momentum is equivalent to a linear divergence in energy. This is directly analogous to the linear divergence of the self-energy of the electron in non-relativistic QED without antiparticles. This mass must be fine-tuned to vanish in this theory because of the absence of a chiral symmetry. Similarly, the α 2 seagull correction also gives a similar divergence to the mass. In contrast, the γ 2 α 2 correction in (44) (which arises from the scalar-fermion interactions in the covariant derivative) does not give a fermion mass.
Both the g 2 term and the γ 2 α 2 term in (44) give a logarithmically divergent field strength renormalization, while the γα 2 seagull loop does not depend on external momenta. Keeping only the UV divergent pieces and using rotation invariance to setk ikj ∼ = 1 2 δ ijk 2 inside the integral, the result can be simplified to
In addition to a divergent fermion mass, we have found a shift of the ψ † i∂ t ψ kinetic term from g and of ψ † ∇ 2 ψ from both α and g. In terms of the renormalized Lagrangian, this means that we obtain a wave-function renormalization counter-term δZ ψ and a counter-term for γ:
It is easy to regulate these divergent integrals with a hard cut-off Λ on spatial momentumk.
6
Putting δ γ and δZ ψ together, the β function for γ is simply
Thus we see that γ runs to zero at low energies; however, it only reaches zero at a asymptotically long wavelengths, running for γ 1 as
Since γ ∝ m −1 ψ , this means that ψ's effective mass is becoming larger at long distances.
Vertex Corrections
The cubic vertices in the theory are protected from renormalization as discussed above. However, it is illuminating to consider what happens when one perturbs away from the symmetric theory. Among other things, this will allow us to see if the theory naturally flows to the symmetric point. One convenient way of parameterizing this perturbation is to modify the coefficient of the φφψψ quartic interaction:
This is clearly equivalent to adding to (29) an additional quartic piece
The β functions are calculated in App. C and are Note first of all that this explicitly verifies that when A = 0, we have β g = 0 and β γα = αβ γ and β γα 2 = α 2 β γ , so neither g nor α run, as expected. The β function for the coupling A, which is a measure of how badly the symmetry is broken, is
Thus, the symmetric theory A = 0 is an attractive fixed point if A(Λ UV ) < 0, and a repulsive fixed point for A(Λ UV ) > 0. If A(Λ UV ) > 0, then the theory will become non-perturbative at a scale, Λ IR given by
This means that our theory with the Cauchy-Riemann symmetry is an attractive IR fixed point for half of the naive UV parameter space.
Generalization to Non-Abelian Anyons
The Abelian model we have presented above gives rise to anyons, but we can produce a semi-classical theory of 'non-Abelian anyons' as well by promoting φ to the adjoint representation of a Lie group. Performing this promotion in the most obvious way gives the action
where the covariant derivative is
The first quantized action for ψ involves the matrix φ A T A , and thus it rotates the ψ a vector by
when a ψ particle encircles non-trivial charge. This results in a U (N ) rotation in the flavor space
Note that this matrix involves a sum over all the charges enclosed by the path.
As an illustrative example, let us take φ to be a U (2) valued matrix with ψ in the fundamental representation. If we move an anyon, ψ 0 , along a path enclosing two other anyons in the state
then the encircling anyon picks up a matrix valued phase given by the integral of ρ A (x) within its path. In this example ρ A will include two delta functions at the locations of ψ 1 and ψ 2 , and so the phase will be
This rotates the encircling anyon by
In general, we can decompose the representation of a sum of charges into the irreducible representations contained in their tensor product; Clebsch-Gordon coefficients determine the action of these representations on an encircling anyon. At a full quantum level the action in (57) will be renormalized, but as written it lacks the symmetries necessary to protect the anyonic phase from renormalization. One could consider trying to extend the relationship of the scalar theory to Lifshitz-Chern-Simons theory, detailed in §2.1, to the non-Abelian theory, but the renormalization of the non-Abelian Lifshitz-Chern-Simons theory is in itself a challenging problem. We will leave a detailed analysis to the future, but will here simply point out that we can construct a more symmetric action by using an extreme limit of the methods discussed in §2.1.
In the Abelian case we can begin with a theory of φ and ψ fields coupled to a Chern-Simons field via
The covariant derivative D µ = ∂ µ + iA µ and note that we have included a kinetic mixing between φ and A µ which grows with κ. If we integrate out A µ and take the limit of large Chern-Simons level, so that κ → ∞, we (somewhat miraculously) recover our local Abelian theory of φ and ψ particles.
This procedure has a natural generalization to the non-Abelian case. We begin with a non-Abelian Chern-Simons action and introduce a kinetic mixing between A µ and φ, giving
where all derivatives are gauge covariant and E i is the electric field constructed from the non-abelian Chern-Simons gauge field. When we integrate out A µ in A 0 = 0 gauge and take the limit of large Chern-Simons level and large kinetic mixing, so that κ → ∞, we obtain an interacting theory of φ AB and ψ A with a non-linear Cauchy-Riemann type symmetry. Viewed as a matrix, the solution for A i is
which is formally defined by its series expansion in the commutator. This theory is local in derivatives, but to see the full symmetry structure one must work to all orders in the dimensionless φ A field. It will be interesting to study this theory or its critical Lifshitz-Chern-Simons equivalent in the future.
There is an extensive literature on non-Abelian anyons, starting with [12] , which largely makes use of the deep connection between Chern-Simons gauge theories and rational conformal field theories. It would be interesting to explore the relationship between this theory and the approaches based on rational conformal field theory.
Discussion
We have presented a novel field theory in 2+1 dimensions describing the marginal couplings of ψ and φ particles with an ω ∝ k 2 dispersion relation. The ψ interactions with the propagating φ field lead to an anyonic phase when one ψ particle encircles another, and the associated couplings are exactly protected from renormalization by a combination of symmetries and dynamics. These facts have been checked at one-loop by computing the renormalization group scaling of the theory, and we have also found that at low energies, the effective mass of the ψ particles grows logarithmically, while the four-anyon contact interaction becomes strongly attractive. The crucial Cauchy-Riemann symmetry was also found to be attractive under renormalization group flow in half of the UV parameter space. In the future it will be important to investigate the theory at finite density and to understand whether it can be constructed in the laboratory. We will close with some naive comments and speculations concerning these issues.
As a starting point, one can ask what should be the interpretation of the bosonic field φ? We leave the question of a realistic implementation of this model to future work, however let us briefly comment on one direction. It is noteworthy that two of the symmetries which φ enjoys are φ → φ + c and φ → φ + vt, where c and v are constant. These are the same as the transformations of a space coordinate under translations and Galilean boosts. It is therefore natural to conjecture that φ should describe the fluctuating height of a membrane on which the ψ excitations reside. With such an interpretation a coupling such as (∇φ) 2 ψ † ψ would occur automatically. The action
would describe the fluctuations of a height field itself. Here T is the membrane tension and κ is related to the extrinsic curvature. Having a completely tensionless membrane is likely unstable, however it may be possible to have a hierarchy of scales between the membrane tension and the cutoff of the theory (T Λ 2 ). So far the theory has a parity symmetry in the direction perpendicular to the membrane (φ → −φ). However, once such a parity is broken by, for example, background fields which also break T-symmetry, terms such as our g and α couplings to ψ will be generated.
Fermions with an ω ∝ k 2 dispersion relation can arise in a variety of ways, for example as non-relativistic particles in a trap or through the phenomenon of quadratic band touching [7] . In the latter case, there would be excitations representing both particles and holes, so that in the language of our theory, there would be both ψ particles and anti-particles. This would alter our theory in an interesting qualitative way, because it would introduce non-vanishing fermionic loop corrections. Our theory would be similarly affected by a large ψ density (chemical potential). Thus it will be important in the future to understand how the theory behaves when the ψ particles have a less trivial vacuum structure.
The connection with Lifshitz-Chern-Simons theory suggests another possible avenue for experimental realization. The theory of [9] was proposed in part as a potential description of a critical point governing a phase transition between conventional fractional quantum Hall states and fractional quantized Hall nematic phases, seen in a recent experiment on the ν = 7/3 fractional quantum Hall plateau [13] . The considerations in §2.1 suggest that anyonic quasiparticles in the fractional quantum Hall phase could have modified behavior as one approaches the critical point, with a measurable change in their anyonic phases. However, the coefficient of the B 2 term which modifies the statistics could be naturally small (as the operator is irrelevant away from the fixed point), and it is possible that rounding of the transition would render such effects un-observable.
Finally, it will be interesting to understand global issues surrounding the anyonic phase. In ChernSimons theories, various arguments suggest that the anyonic phase must be quantized. However, it appears that these arguments for quantization [11] break down when applied to our theory, due to the absence of a gap and subtle differences between a Chern-Simons gauge field and our propagating scalar field. It will be important to study these issues further, especially since the behavior of physical systems of anyons changes dramatically depending on the value of the anyonic phase and the filling fraction of anyonic Landau levels.
the NSF under grant no. PHY-0756174. SK, JK and JW acknowledge support from the US DOE under contract no. DE-AC02-76SF00515. EK is supported by DOE grant DE-FG02-01ER-40676, NSF CAREER grant PHY-0645456.
A Derivation of the First Quantized Action
We can derive the first-quantized action for a ψ particle by first deriving the appropriate Hamiltonian for a one ψ state, and then by matching a first-quantized Lagrangian to this Hamiltonian. We define the canonical momentum for the ψ field as
and then compute the Hamiltonian Π ψψ − L for ψ particles, which is
Taking the matrix element of this with a one-particle ψ state with momentum p, we find
Now let us check that the first quantized action
matches with the Hamiltonian we have just derived from the field theory. Quantizing this action we see that
So the associated first-quantized Hamiltonian is
where in the first line we have writtenẋ i in terms of p i and factorizedẋ i out for convenience. If we associated the canonical momentum p i from the first-quantized action with the particle momentum p i of the second quantized action, we find exact agreement between their Hamiltonians, as desired. So we have the correct first-quantized action for the ψ particles, and we can view the ψ particle mass as
Finally, we can derive the equations of motion for a single ψ particle. Varying with respect to x(t), we find
If we interpret A i = ij ∇ j φ and set A 0 = 0 as though by gauge choice, then this equation can be rewritten as
where the magnetic and electric fields are B = ij ∇ i A j and E i =Ȧ i . The first two terms are the standard Lorentz force, while the last term is a more unusual result of the direct coupling of ψ density to ∇ 2 φ.
B Soft Radiation from Adiabatic Orbits
As we move one ψ particle around another one, φ's will be radiated due to the acceleration of the ψ.
One might worry that even in the limit where the ψ orbit is taken to be extremely large (i.e. large radius R) and the velocity extremely slow (i.e. small frequency ω), some finite number of φ's could still be radiated, preventing a sharp comparison between the initial state of just two ψ's before the orbit and the final state after the orbit is completed. To compute the emission of φ radiation due to oscillatory ψ motion, we begin with the equation of motion for φ:
The density piece is suppressed by ∇ 2 , which causes it to be subleading in the soft limit, so we will just consider the leading contribution, from J i N . Since a general source can be decomposed into Fourier modes, one may without loss of generality take the time-dependence of the current to be a single frequency:
and similarly for φ(x, t). Ultimately, we care only about the parametric dependence of φ radiation that escapes to spatial infinity, so we will solve for its behavior in the limit where the size R of the source satisfies ωR 2 1, and drop numeric factors. By the method of Green's functions, at small ωR 2 and large ωr 2 , we obtain the following multipole expansion for φ:
In the adiabatic orbit of one ψ around another, the total charge inside a large spatial region is not oscillating, so the leading contribution will arise from the dipole moment. Let us focus on a simple description of the current J for the ψ particle (which is moving in a circular orbit with radius R and velocity v = ωR) that is adequate for obtaining the parametric dependence of φ at large distances:
where f (|x|/R) ∼ R −2 exp(−x 2 /R 2 ) is a normalized distribution centered at |x| = 0. Plugging this into (79), the dipole (n = 1) contribution to φ is
Now, we wish to compute the number of φ's radiated, which is given by the φ flux through a sphere of size r. The energy flux is T 0i :
so the number flux is ω
Integrating this over a surface at fixed r giveṡ
Thus, the total number of φ's that are radiated over a single period ∆t ∼ ω −1 at small ωR 2 is parametrically
and therefore, by taking a limit ω → 0, R → ∞ such that ωR 2 → 0, the total number of radiated φ particles can be made arbitrarily small.
C Cubic Vertex Corrections
Here, we give a derivation of the β functions of the cubic interactions in the theory, which were presented in section §3.3. First, we want to compute the top diagram in Fig. 6 . This takes the form dω 2π
Closing theω contour in the upper half-plane, we pick up the pole atω = ik 2 . We can Taylor expand the resulting integrand at largek to pick up the log divergent piece. Dropping a linearly divergent term that vanishes by rotational invariance, we find
Next, there is also a contribution from the bottom two diagrams in Fig. 6 :
We again close theω contour in the upper half-plane to pick up theω = ik 2 pole. The subsequent Taylor expansion obtains a log divergent term, which after some simplification can be written as
We can combine the corrections (86) and (88) to read off the necessary counter-terms. We find that
and thus the β functions are
Note first of all that this explicitly verifies that when α =α, we have β g = 0 and β γα = αβ γ , so neither g nor α run, as expected. A similar, though lengthy, computation involving many diagrams shows that the β function for the γα 2 (∇φ) 2 |ψ| 2 coupling runs according to
This is also in agreement with the non-running of α at the symmetric point α =α, since then β γα 2 = α 2 β γ . We can combine the above formulae to obtain the β function for the coupling A = 4γ(α 2 −α 2 ), which is a measure of how badly the symmetry is broken in the more general case:
Thus, the symmetric theory A = 0 is an attractive fixed point if A is negative in the UV, and a repulsive one A begins from a positive UV value. This means that our theory with the CauchyRiemann symmetry is an attractive IR fixed point for half of the naive UV parameter space.
D Adding Spin
We will find it convenient to perform the corresponding calculations using the Wick rotated (i.e. Euclidean) version of the action:
where we have generalized to a two-component spinor (ψ ↑ , ψ ↓ ) and added the quartic λ coupling. We are assuming an SU (2) symmetry connecting ψ ↑ and ψ ↓ ; in the absence of such a symmetry the α and g couplings to the two fermions could be different. The primary novelty of spin is the existence of a four-Fermi coupling.
D.1 Review of Non-relativistic Spinors in 2+1 dimensions
Here we will review relativistic and non-relativistic spinors in 2+1 dimensions, partly to establish our conventions. We will choose the following basis for our γ matrices:
Then, it can be easily checked that they satisfy the appropriate anti-commutation relations:
The generators of boosts and rotations are given by S µν = i 4
[γ µ , γ ν ]. Explicitly, the two boost generators K i and single rotation generator J 3 are
and a general transformation takes the form Λ = e iωµν S µν .
Let us take the fermion field Ψ to be the following two-component spinor:
It is conventional and convenient in relativistic theories to define a "barred" fermion operatorΨ bȳ
since U † iγ 0 = iγ 0 U −1 . Then, in the relativistic case, the only invariant scalar bilinear we can construct (without derivatives) isΨ 
Note that at vanishing spatial momentum, the solutions to the dispersion relation are ω = m with ψ ↑ = 0 and ω = −m with ψ ↓ = 0, so when m is large compared to p, the upper component of Ψ is almost all anti-particle. In a non-relativistic theory, one integrates out the anti-particle ψ ↑ , obtaining the following kinetic term for ψ ↓ :
In the effective theory,
is Taylor expanded at large m and subleading terms are treated as interactions. Because a relativistic fermion in 2+1 dimensions gives us only a spin-up anti-particle and a spin-down particle, the former of which we integrate out, if we want to have both a spin-up and spin-down particle then we must introduce a second relativistic fermion X = (x 1 , x 2 ) with the sign of the mass term reversed.
So far, we have not included any explicit breaking of Lorentz invariance. However, in the non-relativistic case, we are free to impose only the rotation part of the Lorentz group. In 2+1 dimensions, this is just the U (1) group generated by J 3 , which is why the ψ ↑ , ψ ↓ basis is natural. Under this subgroup, we simply have
